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INTRQDUCTION 
An inclusion of Noetherian local rings R + S is called pure if for any 
R-module M, the map A4 ---f SOR A4 is injective. If S is finitely generated as 
an R-module, then purity is equivalent to R being a direct summand of S 
as an R-module. A local ring R in characteristic p is said to be F-pure if the 
Frobenius map F: R -+ R is pure. This notion first appears in [HR]. The 
notion that a variety in characteristic p is Frobenius split has also been 
introduced (see [MR]). 
Let X be a normal projective surface over an algebraically closed field k 
of characteristic p > 0. Let PE X be a singular point, with R = Or,,. Let 
f: Y-+X be the minimal resolution of the singularity at P. If E is the 
reduced exceptional divisor, then no irreducible component of E is an 
exceptional curve of the first kind; i.e., if E = Uy= i Ei with each Ei 
irreducible, then Ei E Pi = Ef 6 - 2. The graph of E is defined as follows: 
it has a vertex ri associated to each irreducible component Ej of E and an 
edge joining ui to uj for each point of intersection of E, and Ej. Put 
Z = Y xX Spec R, so that f: Z + Spec R is the minimal resolution of 
singularities of Spec R. We shall prove the following results: 
THEOREM 1.1. With the notation above, suppose R is F-pure. Then we 
have 
(a) The natural map (obtained from the formal function theorem) 
(R!f, @Z)P = H’(Z, 0~) + H’(E, 0 E) 
is an isomorphism. 
(b) E is a divisor with normal crossings, and one of the following holds: 
(i) E is an irreducible smooth ordinary elliptic curve. 
(ii) E is an irreducible rational curve which has only one singularity, 
which is nodal. 
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(iii) Eig P’ for all i, and the graph of E is an n-gon, i.e., 
(E, . Ej) = 1 if i-j = 1 (mod n), and =O, otherwise. 
. (iv) Eig P’ for all i, and the graph of E is a tree; equivalently, 
H’(E, oE) = 0, so that by (a), R has a rational singularity. 
THEOREM 1.2. Let R = ~9r,~ be a normal surface singularity in charac- 
teristic p. Suppose that the reduced exceptional divisor has only normal 
crossings and satisfies one of the conditions (i), (ii), and (iii) of (b) in 
Theorem 1 .I. Then R is F-pure. 
It follows from Theorem 1.1 that if R is a Gorenstein normal surface 
singularity in characteristic p which is F-pure, then R satisfies one of the 
conditions (i), (ii), and (iii) of (b), or is a rational double point. Using the 
classification of rational double points in characteristic p (see [A]) we 
compute easily that any rational double point in characteristic p > 5 is 
F-pure. Hence we obtain a classification of normal F-pure surface 
singularities in characteristic p > 5. K. I. Watanabe has obtained analogous 
results in the Gorenstein case, using different techniques (see [WI). 
PRELIMINARIES 
We collect here some basic facts about Frobenius split schemes which 
are needed below. From now on, F will denote the absolute Frobenius 
morphism. 
Recall that an F,-scheme X (FP = finite field of cardinality p) is Frobenius 
split if the natural map OX --t F, OX is a split inclusion of &,-modules (see 
[MR]). If X= Spec R, where R is a local ring, this is equivalent to R being 
F-pure. A splitting F, c?, -+ c?, is called a Frobenius splitting. 
LEMMA 1. Let X be a reduced equidimensional Gorenstein k-scheme, 
where k is a perfect field of characteristic p. There is a natural isomorphism 
of CIx-modules 
where ox is the dualizing sheaf. In particular, Frobenius splittings of X are 
induced by elements of H”(X, CD,” I-“). 
Proof This is a slight generalization of the results of [MR]. Duality for 
the Frobenius morphism yields an isomorphism (see [Ha, Chap. 3, 
Exercise 6. lo] ) 
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giving isomorphisms 
LEMMA 2. Let X be a reduced equidimensional Gorenstein k-scheme for 
a perfect field k, and let U be an open dense subscheme. Suppose that U is 
Frobenius split, and the corresponding element of H”( U, w$’ 1 -“) extends to 
a global section of OF’-, on X. Then X is Frobenius split. 
ProoJ: The global section of 0,” ’ Pp yields (by Lemma 1) an &,-linear 
map F, (?y -, G, which restricts to a Frobenius splitting of U. The com- 
posite 
equals multiplication by some h E H”(X, Ox); thus h 1 U = 1. Since U is 
dense, h = 1, i.e., X is Frobenius split. 1 
Next, we recall the notion of compatible Frobenius splitting. If X is 
Frobenius split, a closed subscheme Y c X is compatibly split by a splitting 
$: F, Lo, ---f I?y if Ic/ induces (by restriction) an O,-linear map F, Co, + O,, 
which is a Frobenius splitting of Y. This is equivalent to requiring that if 
9y is the ideal sheaf of Y c X, then $(F, #y) = Xr. If Xcy”l is the ideal sheaf 
generated by pth-powers of sections of yy, so that 9r. F, I?y = F,$pI, 
let [-Ocy”1:9r] =Anr1,,~(9r/X$!‘~). One knows (see [F], [MR]) that 
if GE H”(X, o:‘-~), and if X/k is smooth, then the induced map 
I& F, c?, + c?, satisfies II/(F,$,,) c 9,, if and only if cr is a global section of 
the subsheaf 
(in the case of local rings, this is a reformulation of Fedders criterion). 
It is easy to see that if ~JE H”(X, [9p1:9r] 00:’ -p), then the corre- 
sponding map II/: F, c?, + c?, satisfies F*(xY) c 9i,, which is the only fact 
needed below. To see this, we make explicit the correspondence between cr 
and Ic/ (following [MR]). Let 
be the trace map for Grothendieck duality for the Frobenius map; 
given the isomorphism F!o, z ox, and the isomorphism F* F!o,z 
Hom,,(F,Co,, ox), the map C is identified with the natural map 
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obtained by evaluation at 1. We use the letter C to denote the trace, 
since it coincides with the Cartier operator when X is smooth over k (see 
Section 2 of [MR], and the references given there). If o is a local section 
generating ox, then we can locally write g = fo’ - P, for some function f. 
Then $ is locally given by 
9(a) = b, where C(uf0) = bw. 
Using the identity C(aPq) = UC(~) for any local sections a of I?y and 9 of 
ox, one can verify directly that $ is independent of the choice of local 
generator o. Now ~EH’(X, [9~1:.9,..]@~~‘Pp) if and only if all the 
local expressions fo’-” for (T have the property that f is a local section of 
[9 p1 : $,I. But if a is a local section of yi,, then uf is a local section of 
9 VI, and so C(af0) is a local section of 3, @ wx, i.e., b is a local section 
of &... Thus $(F.+y,,) c 9,, as claimed. 
In particular, consider the case when X/k is smooth and Y c X is a 
reduced (effective) Cartier divisor. Then & = Q,( - Y), 9 c,“] = 0x ( -p Y), 
and [3c,“‘:3,,] =I?y(( 1 -p) Y). There is a natural map (adjunction 
formula) 
($7: HO(X, ox(Y)@‘-P)’ HO(Y, coyq. 
LEMMA 3. L~?~EH~(X,~~((~-P)Y)O~~~~~)=H~(X,~~(Y)~’~~), - 
so that s induces u map II/: F, 0, + 0,. Then Ic/ is also the map F, Co, + 0, 
induced by q(s) E H”( Y, of?-“). 
Proof It suffices to prove that the two maps F,Coy + Oy agree on a 
dense set of smooth points of Y. Hence we may assume without loss of 
generality that Y is smooth. Further, the equality of the two maps can be 
checked locally on Y; hence we may assume without loss of generality that 
if n = dim X= 1 + dim Y, then there exist n regular functions x1, . . . . x, on 
X, such that Y is defined by x, = 0, and x1, . . . . x, yield an Ctale map 
X+ AZ (i.e., a&, is trivial with basis dx,, . . . . dx,). We identify C with the 
Cartier operator (see [C] for the definition and properties of the Cartier 
operator; the relation with splittings is explained in [MR]), which can be 
made explicit as follows. The functions x,, . . . . x, form a p-basis for Co,, in 
the sense that F‘,c?, is a free E&-module with a basis given by the 
monomials 
Then 
x;‘x;...x;, O<i,<p-1. 
C(fdx, A ... A dx,)=hdx, A . . . AX,, 
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hP = coefficient of (xi x2 . . . x,)~- ’ in the expression 
for fin terms of the p-basis. 
Now suppose s=f(dx, A ... A dx,)’ -P. Then $ has the explicit descrip- 
tion 
$(a) = (coefficient of (x,x2 ...x,)~~‘) in af)‘lp. 
Since sgH’(X, w~(Y)@‘~~), we havef=gx,P-‘. Thus 
+(a)=(coefficient of (x,x~...x,)~-’ in agxpP’)“p 
= (coefficient of (x,x2 . ..x. _ ,)p--l in ~:)l/~. 
Thus, if an overbar denotes restriction to Y, 
$(a)=(coefficient of (X,X2...XnP,)PP1 in @)l’p, 
where we note that X, , . . . . 2, _ I give a p-basis for 0,. 
The map cp: H”(X, wX( Y)@’ -“) + H”( Y, o?‘-~) satisfies 
(p&X;-‘(dX, A ... A dX,)‘-‘)=g(d,?, A ... A di,~I)L-p, 
since under the adjunction map, dx, A . . A dx,- , A dx,/x, b-+ d.f, A . . . A 
dZ,-1. The map F, 0, + Lo, induced by q(s) is given by the Cartier 
operator on Y, which we. compute using the p-basis X, , . . . . X, _ I as 
C(fdZ, A ... A d&,)=hdZ, A ... A dZ,-,, 
where 
hP=coelficient of (X,X,...X,P,)p-’ inf. 
Thus q(s) induces the map given by the formula 
a~(coefficient of (X1X2...X,-,)p-1 in @), 
which is precisely the formula for $. 1 
1. FQ~~F OF THEOREM 1.1 
We first prove that Z is Frobenius split. If U= Z-E, then U is 
isomorphic to the punctured spectrum of R. Since R is F-pure, Spec R is 
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Frobenius split, and hence U is a Frobenius split, dense open subscheme 
of Z. Hence, by Lemma 2, it suffices to prove that 
Let M = H”( U, CD:-“), and let &!l be the associated coherent sheaf on 
Spec R. If g: Z -+ Spec R is induced by f: Y + X, then g*fi is a coherent 
C&module generated by its global sections and satisfies g*fi 1 U z 0: ’ -J’. 
Let 9 = ((g*ii)) “)” (where the superscript ” denotes the functor 
smpZ(-> W). Th e natural map g*A + 9 has a cokernel supported on a 
finite set of closed points of E, namely the points where g*fi/(torsion) is 
not locally free. Also, 9 1 Uz wz’-“, and 9 E Pit Z. From the exact 
sequence 
O+ & Z[Q(Ei)] +PicZ+Pic U-0 
,=I 
we see that there is an isomorphism 
for unique integers ai (the classes [cO,(E,)] E Pit Z are Z-linearly indepen- 
dent since the intersection matrix (( Ej . E,)), G i, jc n is negative definite-see 
[Mu]). Further, the natural sheaf map 
has cokernel supported at a finite set of closed points. In particular, the 
map 
has cokernel supported at a finite set of closed points, for each exceptional 
component Ei. Hence deg 9 1 E, > 0, with equality if and only if 9’ 1 Ez E Q,. 
Now wzl E, E oE,( -Ei) by the adjunction formula, and deg oE, = 
2p,(E,)-2, where p,(E,) =dim H’(E,, oE,) is the arithmetic genus of Ei. 
Hence 
deg~lI,=(1-p)(2~p,(Ei)-2-Ez)+ i aj(Ei.Ej) 
j=l 
(where deg oEr ( - Ei) = - (Ej . Ej) = - E f). Thus 
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NOW p,(E,) > 0 with equality precisely when Eig P’, in which case 
Ef < - 2. Hence in any case 2p,(E,) - 2 - Ef > 0 with equality 3 Ei r P1 
and Ef= -2. 
Let 
C= 1 a,E,, D= c -aiEi 
u, > 0 a,<0 
SO that C, D are effective divisors without common components, and 
ic, a,E,= C- D. 
Thus, we have inequalities for all i, 
(C-D.Ei)>O. 
Hence 
(C-D.C)>O. 
But 
(C-DL’)=C*-(D.C)<C* 
(since C, D have no common component, (C . D) 3 0). Hence C* > 0. Since 
the intersection matrix ((E, . Ej)), G i,jGn is negative definite (see [Mu]), we 
must have C = 0, and so 9 % 0: ’ -“( -D), where D is effective. From the 
definition of A? we thus have equalities 
By Lemma 2, this implies in particular that Z is Frobenius split. 
We now prove 1.1(a). From the formal function theorem, we have an 
isomorphism (see [Ha] ) 
(Rtf,Co,),~H’(Z, &)rlimH’(mE, OWE), 
m 
where mE is the subscheme with ideal sheaf Lo,( -mE). Further, the maps 
in the inverse system are all surjective and are isomorphisms for large m. 
Fix an integer m such that H’(Z, Co,) g H ‘(mE, I?&), and choose N with 
p’” 2 m. If FN is the N-fold iterated Frobenius map, we have a factorization 
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where the vertical arrow is induced by restriction. Thus there is a diagram 
H’(Z, I!!&) -3 H’(mE, Om,) - H’(E, co,) 
F,N I F4 Y IF: H’(Z, Oz) -3 H’(mE, O&) - H’(E, 0,) 
Since Z is Frobenius split, Ft is injective on H’(Z, Q). Hence 
H’(Z, &=) + H’(E, 6JE) must be injective, proving (a). We also see that 
the Frobenius action on H’(E, oE) is injective. 
To prove 1.1(b) we further analyze the inequalities obtained earlier. 
Since aj d 0 for all j, we have for any i 
a,Ef 3 f- aj(E, .E;) 3 (p - 1 )(Q,(E,) - 2 - Ef), 
i=l 
(*L 
where the right side is non-negative and vanishes if and only if Ei E P’, 
E f = - 2. Hence if ai = 0 for some i, then all the inequalities in (*)i must 
be equalities, Ejr P’ and Ef = - 2. Thus aj=O for all j such that 
(Ei. E,) # 0, j f i. Since E is connected (see [Mu]), we deduce that either 
ui = 0 for all i, or a, < 0 for all i. 
If ai = 0 for all i, then E, E P’, and E 2 = - 2, for all i. Then we claim that 
E has normal crossings, and the graph of E is a tree. Indeed, if either of 
these statements is false, we can find a non-zero reduced effective divisor C, 
which is a linear combination of the Ei, such that (C- Ei . E,) > 2 for all 
Eic C, and so C* > 0, contradicting negative definiteness. Thus, Eir P’, 
E F = - 2 for all i, and H ‘( E, 0,J = H ‘(Z, C!&.) = 0, i.e., R has a rational 
double point singularity (see CD]). This is a particular case of l.l(b)(iv). 
Next, consider the case when aj < 0 for all j. Suppose that pa(Ei) > 1 for 
some i, so that 
(-4)(-Ebbl)(@,(E;)-2-E;)>(p-l)(-E;); 
i.e., 
-a,ap- 1 (as Ef CO). 
Thus, any global section of 02 ’ pp must vanish to order at least 
p - 1 along Ei. Hence Ei is compatibly Frobenius split in Z. If 
CJE H’(Z, o~(EJ@‘-~ ) gives a Frobenius splitting of Z, then by Lemma 3, 
the splitting of Ej is induced by the image of g under the natural map 
I): H’(Z, o~(E~)@‘~~) + H”(Ei, a~:‘-~). 
In particular $(a)~ H’(E,, o~‘~~) is a non-zero section. Since in fact 0 
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vanishes to order at least -aj along Ej, $(a) vanishes at all points of 
(E- Ej) n Ei. Now deg o ~1~P=(1--p)degw,30asHo(Ei,w~1-P)has 
a non-zero section. Hence deg oE, = 2p,( Ei) - 2 < 0, i.e., deg wE, = 0, and 
p,(E,) = 1, since we assumed p,(Ej) > 1. Hence Ei is either a smooth elliptic 
curve, or an irreducible rational curve with only one singular point, which 
is either a node or an ordinary cusp; further wE, z 6JEt. Thus WE’ pp g oE,, 
so that a non-zero global section has no zeroes. Hence (E - Ei) n Ei is 
empty, i.e., E= Ei, since E is connected (see CD]). Since E is Frobenius 
split, the Frobenius action on H’(E, oE”E) is injective; hence E cannot have 
a cusp, and if E is an elliptic curve, then it is ordinary. Thus E is either an 
ordinary elliptic curve or an irreducible rational curve with one node, as in 
1.1(b)(i), (ii). 
We are now left with the case when ai < 0, and Ei g P’, for all j. We need 
the following lemma. 
LEMMA 4. Let C= C, + . ‘. + C, be a reduced effective divisor on a 
smooth surface, with dualizing sheaf wc, and irreducible components Ci. 
Suppose that for each i, C- Ci is non-empty and connected and satisfies 
(C- Ci. C;) > 2. Then for each i, 
with equality only if oc 1 c, z oc, 
Proof: It suffices to show that for any “general” point PE C (which we 
may take to be a smooth point, in particular) 
dim H”(C, wc( - P)) = dim H”(C, wc) - 1. 
By Serre duality on C, this is equivalent to 
dim H’(C, Q.(P))=dim H’(C, UC)- 1. 
From the exact sequence 
(where i,.k(P) is the skyscraper sheaf at P whose stalk is the residue field 
k(P)), we are reduced to showing that 
H”(C, to& = H”(C, Co,(P)) = k, 
i.e., that a global meromorphic function on C, which is regular on C - {P], 
and has at worst a simple pole at P, is a constant. 
Let PE Ci; since P is a smooth point, P 4 C, for j# i. If h is a 
meromorphic function as described above, h 1 cp c, is constant since it is 
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a regular function on a connected, reduced projective variety. Subtracting 
a constant from h, we may assume that h vanishes on C - Ci. Thus h I c, 
is a meromorphic function, regular on Ci- {I’}, which vanishes on the 
subscheme (C - Ci) n Ci of Ci and has at worst a simple pole at P. Now 
(C - C; n Ci) has a structure sheaf of length (C - Ci. Ci) 3 2. Hence either 
h 1 c, = 0, or the divisor of zeroes of h 1 c, has degree > 2. But the divisor of 
poles of h I,-, is of degree at most 1. 1 
We return to our situation, where we have to consider the case when 
aj < 0 and E, g P’, for all j. Either E has only normal crossings and the 
graph of E is a tree (this is the case l.l(b)(iv)), or else we can find a divisor 
C, which is a reduced linear combination of the Ei, and satisfies the 
hypothesis of Lemma 4. We can write 
u~‘~” ,g, a,E, =w,(C)@‘~’ (,g, aiEi+ (p- 1)C). 
(. > 
where 
i a,E,+(p-l)C= 1 aiEi+ 1 (a,+p-l)E,. 
i=l 6 F c E,cC 
Now -a, <p - 1 for all i, since for any effective divisor D, a section of 
wF1 -“( -pD) gives a map F,Co, + Co, which factors through the ideal 
sheaf Q-(-D) and hence cannot give a Frobenius splitting of Z. Thus 
ai + p - 1 > 0 for all i. Now w=(C) 1 c, = wc I c, for Ei c C. Hence by Lemma 
4, deg wz( C) I E, > 0 for Ei c C. Thus, for E, c C, we have the inequality 
+ 1 (P-l+aj)(Ej.E,)20, 
E, c c 
where the first two terms of the middle expression are GO. Hence 
C (P-l+aj)(E,.Ei)aO for all EicC. 
E/c C 
Thus 
D= c (p-l+uj)Ej 
E,c C 
satisfies D* b 0, i.e., D = 0, by negative definiteness. Hence - uj = p - 1 for 
all El c C, so that C is compatibly Frobenius split in Z. Thus 
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H”( C op i -“) has a non-zero section, which does not vanish identically 
on any component. Since deg oJ~, > 0 for all Eic C, by Lemma 4, we 
must have wc g &. 
If 
then 
D’= c -a,E,, 
E, e c 
=o,(C)@~~P (-D’). 
Since 
= HO(Z, w p’ P)= HO(Z, w,(C)@’ P), 
the image of any section of wz( C)@ ’ pp under 
HO(Z, w,,(C)@‘-P)+HO(C, wyq=HO(c, Q.) 
must vanish on the subscheme D’ n C. Since this restriction map is not 0 
(by Lemma 3), D’n C must be empty. Since a,< 0 for all j, and E is 
connected, this forces C = E. 
For any i, E - Ei and Ei are closed subschemes of Z which are com- 
patibly Frobenius split by any given Frobenius splitting of Z. In particular, 
their scheme theoretic intersection (E - Ei) n Ej is compatibly Frobenius 
split in Z and is hence reduced. This implies that E has only normal 
crossings. Finally, since C = E, wE r oE, and so 
wzl.~wz(E)l,O~~,(-E)~~,l,O~~,(-E)~Co,,(-E). 
Hence deg wz 1 4 = - (E, . E). But 
Hence degw,l,= -2-E;, since E,zP’, and so (E-Ei.Ei)=2 for all 
i. One sees easily that the graph of E must then be an n-gon, i.e., E is as 
in l.l(b)(iii). This finishes the proof of Theorem 1.1. 1 
2. PROOF OF THEOREM 1.2 
Let g be the completion of R, and let Z= Z xSpecR Spec k, ri: Z + Z, 
and let E be the reduced exceptional divisor of 72. Then under the 
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morphism p, : Z -+ Z, we have an isomorphism E -+ E. Further, the map 
of ideal class groups Cl(R) --f Cl(&) is injective. Last, p:: H’(Z, Co,) + 
H’(Z, 02) is an isomorphism, since H ‘(Z, Uz) is an Artinian R-module, 
and H’(Z, 02) = H’(Z, 0z) OR i? from the formal function theorem. 
Let F& be the effective divisor in Z with ideal sheaf S2( -n@. The 
Grothendieck existence theorem (see [G] ) gives an isomorphism 
Pit 2 1 l&r Pic(nB). 
n 
Now if the singularity R satisfies one of the conditions 1.1(b)(i), (ii), and 
(iii), then ogz Co,, and for n > 0, 6$(-r&) 0 0~ is a line bundle on ,!? 
which has strictly positive degree, and non-negative degree when restricted 
to each irreducible component. Hence the dual line bundle 0~(-(n,!?) has no 
non-zero global sections, so that by Serre duality, H’(& cOg( -nl?)) = 0. 
From the exact sequences for each n > 0 
o-*~~,(-n~)-,CO~+,,s~~~~~o 
o~~~(-n~)-,or,+,,,-,Co~~,O 
we thus obtain isomorphisms 
Pit 2 E @ Pic(nE) g Pit E. 
n 
In particular, the restriction map Pit Z -+ Pit E is injective. Since 
w,(E) @ 6JEg 6JE from the adjunction formula (and o,g oE), we see that 
w,(E) E I!?&. Thus the exact sequence 
0 -+ w,(E)@‘-~ oLOZ(-E)~w,(E)~l~P~O~l~p_*O 
is isomorphic to 
O+Oz(-E)+Oz+O~+O. 
In particular, the natural map 
H”(Z, o,(E)@’ -“) -+ H”(E, Wan-“) 
is surjective, and the generator of H”(E, w,J r k lifts to a global section of 
o,(E)@’ -p, which we may regard as a global section of 0,” l--P that 
vanishes to order at least p - 1 along E. By direct computation, the map 
F, Q -+ &JE induced by a generator of H”(E, 0,” I-“) has the property that 
the induced composite map 0, + I!!)~ is multiplication by a non-zero scalar 
(for example, it suffices to remark that E is Frobenius split). Thus we can 
find a section u E H”(Z, CD$‘-~), vanishing to order >p - 1 along E, so 
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that if $: F, C!& + Co, is the corresponding map, the composite CC& -+ ~9~ is 
multiplication by some h E H”(Z, Co,) = R, such that h 1 E is a non-zero 
scalar. Thus h E R*, and Z is Frobenius split. Hence 
is split, i.e., R is F-pure. 
Remark 1. Let E be an ordinary elliptic curve over an algebraically 
closed field of characteristic p, and let t E H’(E, CIE). Then t corresponds to 
an extension 
Then an easy computation shows that the associated projective bundle 
PE(YJ is not Frobenius split, if t #O, while PE(Vo) is Frobenius 
split. Hence we obtain a one-parameter family of projective bundles 
P&?H fE H parametrized by the vector space H= H ‘( E, 0,& such that 
P,(K) is Frobenius split precisely for one parameter value t = 0. Taking 
the family of cones over P,(c) (say, associated to the projective embed- 
dings given by the line bundles C&ECU,) (n) @ 7~: 9, where 9 has degree 3 3 
on E, n is sufficiently large and rcn,: PE(Y’J -+ E is the projection), we obtain 
a family of normal local domains R, of dimension 3, parametrized by t E H, 
such that R. is F-pure, but R, is not F-pure for t # 0. Our results suggest 
that this cannot happen in dimension 2. 
Remark 2. The results of this paper are used in [S] to classify normal 
surface singularities of dimension 2 in characteristic 0 which are of F-pure 
type, in the sense of [H]. 
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